In this paper, we investigate some properties of cyclic B-algebras.
Introduction
In [7] , the notion of B-algebras was introduced by J. Neggers and H.S. Kim. A B-algebra is an algebra (X; * , 0) of type (2, 0) (that is, a nonempty set X with a binary operation * and a constant 0) satisfying the following axioms for all x, y, z ∈ X: (I) x * x = 0, (II) x * 0 = x, (III) (x * y) * z = x * (z * (0 * y)). A B-algebra X is commutative [7] if x * (0 * y) = y * (0 * x) for all x, y ∈ X. In [8] , J. Neggers and H.S. Kim introduced the notions of a subalgebra and normality of B-algebras and some of their properties are established. A nonempty subset N of X is called a subalgebra of X if x * y ∈ N for any x, y ∈ N . It is called normal in X if for any x * y, a * b ∈ N implies (x * a) * (y * b) ∈ N . A normal subset of X is a subalgebra of X. There are several properties of B-algebras as established by some authors [1−10] . In [4] , N.C. Gonzaga and J.P. Vilela introduced cyclic B-algebras. They also established the laws of exponents for B-algebras. In this paper, we investigate some properties of cyclic B-algebras. Throughout this paper, X means a B-algebra (X; * , 0).
Some Properties Related to x n
From [4] , if S is a subset of X, then S B is the intersection of all subalgebra H of X such that S ⊆ H, and the subalgebra S B of X is called the subalgebra generated by S. If X = S B , then S is called a set of generators for X.
Remark 2.1 [4] Let S be a subset of X. Then S B is the smallest subalgebra of X containing S. If either S = ∅ or S = {0}, then S B = {0}. If S is a subalgebra of X, then S B = S. In particular, X B = X.
Let x ∈ X. From [7] , J. Neggers and H.S. Kim defined x n = x n−1 * (0 * x) for n ≥ 1 and x 0 = 0. Note that
The m and n in the above theorem are positive integers. In [4] , for each x ∈ X, N.C. Gonzaga and J.P. Vilela defined −x = 0 * x and x −n = (−x) n for each n ≥ 1. Now, for the purpose of this paper, we define
for any m ∈ Z. Using this fact, it is easy to show the following results and we omit the proofs since these were already established in [4] .
For x ∈ X, we have (
For x ∈ X, if there exists a positive integer n such that x n = 0, then the smallest such positive integer is denoted by |x| B . If no such positive integer n exists, then we say that |x| B is infinite. If A ⊆ X, then we denote |A| B as the cardinality of A.
Lemma 2.6 Let x ∈ X such that |x| B = n. If x m = 0 for some positive integer m, then n divides m. Moreover, for every positive integer t, we have
. Proof : Suppose that x m = 0 for some positive integer m. Then by Division Algorithm, there exist integers q, r such that m = nq + r, where 0 ≤ r < n. Now, by Theorem 2.3 and Theorem 2.4, we have
By the minimality of n, it follows that r = 0. Thus, m = nq, that is, n divides m. For the second statement, let t be a positive integer. Suppose that |x t | B = k. Then x kt = 0. Thus, n divides kt. Hence, there exists r ∈ Z such that kt = nr. Let gcd(t, n) = d. Then there exist u, v ∈ Z such that t = du and n = dv with gcd(u, v) = 1. Now, kt = nr implies that kdu = dvr. Hence, ku = rv. Thus, v divides ku. Since
. Since k and . Therefore,
. Definition 2.7 [3] Let H, K be subalgebras of X. Define the subset HK of X to be the set HK = {x ∈ X : x = h * (0 * k) for some h ∈ H, k ∈ K}.
From [3] , if H and K are subalgebras of X, then H ⊆ HK, H ⊆ KH, K ⊆ HK, and Then (X; * , 0) is a B-algebra [7] . Let H = {0, 3} and K = {0, 4}. Clearly, H and K are subalgebras of X. However, we see that HK = {0, 2, 3, 4} is not a subalgebra of X since 4 * 3 = 1 / ∈ HK.
In general, HK need not be a subalgebra. The following theorem gives the necessary and sufficient condition for HK to be a subalgebra. The following theorem provides another necessary and sufficient condition for HK to be a subalgebra. Theorem 2.11 Let H and K be subalgebras of X. Then HK is a subalgebra of X if and only if HK = H ∪ K B .
Proof : Suppose HK is a subalgebra of X. Since H, K ⊆ HK, H ∪ K ⊆ HK and so
The converse is immediate.
Some Properties of Cyclic B-algebras
A B-algebra X is called a cyclic B-algebra [4] if there exists x ∈ X such that X = x B . The B-algebra (Z; −, 0) is cylic since X = 1 B , while the B-algebra in Example 2.8 is not cyclic since 1 B = 2 B = {0, 1, 2}, 3 B = {0, 3}, 4 B = {0, 4}, and 5 B = {0, 5}.
Theorem 3.1 [4] Every cyclic B-algebra is commutative.
The converse of Theorem 3.1 need not be true as shown in the following example. Then (X; * , 0) is a B-algebra, called the Klein B-algebra K 4 . Moreover, X is commutative. However, X is not cyclic since 0 B = {0}, 1 B = {0, 1}, 2 B = {0, 2}, and 3 B = {0, 3}.
The next theorem provides the exact description of a finite cyclic B-algebra.
Theorem 3.3 Let X = x B be a finite cyclic B-algebra with |X| B = n. Then x B = {0, x, x 2 , x 3 , . . . , x n−1 }.
Proof : By Theorem 2.5, x B = {x i : i ∈ Z}. Since x B is finite, there exist i, j ∈ Z (j > i) such that x i = x j . Thus, by Theorem 2.3 and (I), we have x j−i = x j * x i = 0 and j − i is positive. Let m be the smallest positive integer such that x m = 0. Then x i = x j for all integers i, j such that 0 ≤ i < j < m. (Otherwise, x j−i = 0 for some 0 ≤ i < j < m, which contradicts the minimality of m.) Clearly, {0, x, x 2 , x 3 , . . . , x m−1 } ⊆ x B . Let a ∈ x B . Then a = x k for some k ∈ Z. By Division Algorithm, there exist q, r such that k = qm + r, where 0 ≤ r < m. Now, by Theorem 2.3 and Theorem 2.4, we have
As direct consequences of Theorem 3.3, we have the following results. Corollary 3.5 A finite B-algebra X is a cyclic B-algebra if and only if there exists x ∈ X such that |x| B = |X| B .
The following theorems show some special properties of cyclic B-algebras.
Theorem 3.6 [4] Every subalgebra of a cyclic B-algebra is cyclic.
Let (X; * , 0) and (Y ; * , 0) be B-algebras. In [8] , a mapping ϕ : X → Y is called a B-homomorphism if ϕ(x * y) = ϕ(x) * ϕ(y) for any x, y ∈ X. A B-homomorphism ϕ is called a B-monomorphism, B-epimorphism, or Bisomorphism if ϕ is one-to-one, onto, or a bijection, respectively. If ϕ : X → Y is a B-homomorphism, then ϕ(0) = 0 [8] .
Therefore, ϕ(x n ) = ϕ(x) n for any n ≥ 0.
n for any n ∈ Z.
Proof : Let x ∈ X and m ≤ −1. Then −m ≥ 1. Thus, by Lemma 3.7,
Combining with Lemma 3.7, we obtain ϕ(x n ) = ϕ(x) n for any n ∈ Z.
Theorem 3.9 Every homomorphic image of a cyclic B-algebra is cyclic.
Proof : Let ϕ : X → Y be a B-epimorphism. Suppose that X is cyclic. Then
Since ϕ is onto, there exists x ∈ X such that ϕ(x ) = y. Since x ∈ X, x = x n for some n ∈ Z. Thus, by Theorem 3.8, we have for some integer k > 1 such that k divides m. Morever, |H| B divides m.
Proof : Let H be a nontrivial subalgebra of X. Then H = {0}. By Theorem 3.6, H is cyclic. Let k be the smallest positive integer such that
. By Division Algorithm, there exist integers q, r such that m = qk + r, where 0 ≤ r < k, and so
The minimality of k implies that r = 0. Hence, m = qk and so k divides m.
The following theorem shows that the converse of Theorem 3.10 is also true. = k. Thus, k divides t. Let t = kl for some l ∈ Z. Now, x t = x kl = (x k ) l ∈ H. Hence, K ⊆ H. Since |K| B = |H| B , we have H = K. Therefore, H is unique.
